52                                     LECTURE VII.
41                     during the last twenty years it has been established that the
i^                     two fundamental numbers e and TT are really transcendental.
It is my object to-day to give you a clear idea of the very simple proof recently given by Hilbert for the transcendency of these two numbers.
The history of this problem is short.    Twenty years ago, Hermite*  first established  the  transcendency  of e\   i.e. he showed, by somewhat complicated methods, that the number e cannot  be the  root  of  an  algebraic  equation  with  integral 11 f                     coefficients.   Nine years later, Lindemann,f taking the develop-
ments  of  Hermite  as  his  point  of departure,   succeeded in f/f|4,                    proving   the  transcendency  of  TT.     Lindemann's  work  was
$                    verified soon after by Weierstrass.
;J                        The proof that TT is a transcendental number will forever
mark an epoch in mathematical science.     It gives the final V'|jij                         answer to the problem of squaring the circle and settles this
vexed question once for all.    This problem requires to derive the number TT by a finite number of elementary geometrical processes, i.e. with the use of the ruler and compasses alone. J7/!                    As a straight line and a circle, or two circles, have only two
|j/*j                    intersections,  these   processes,   or  any  finite  combination  of
fthem, can be expressed algebraically in a comparatively simple form, so that a solution of the problem of squaring the circle would mean that TT can be expressed as the root of an algebraic
equation of a comparatively simple kind, viz. one that is solvable y*L
by square roots.    Lindemann's proof shows that TT is not the
root of any algebraic equation.
The proof of the transcendency of TT will hardly diminish the number of circle-squarers, however; for this class of people has always shown an absolute distrust of mathematicians and a
* Comptes renduSt Vol. 77 (1873), p. 18, etc. f Math. Annalen, Vol. 20 (1882), p. 213.p. 558-566.meaning of the terms "solution," "general solution," "c< plete solution," "singular solution," introduced by Lagraj and Monge, is brought out with much greater clearness.
